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Application of Hamilton’s Law of Varying Action

Cecil D. Bailey*
Ohio State University, Columbus, Ohio

The Law of Varying Action enunciated by Hamilton in 1834-1835 permits the direct analytical solution of the
problems of mechanics, both stationary and nonstationary, without consideration of force equilibrium and the
theory of differential equations associated therewith. It has not been possible to obtain direct analytical
solutions to nonstationary systems through the use of energy theory, which has been limited for 140 years to the
principle of least action and to Hamilton’s principle. It is shown here that Hamilton’s law permits the direct
analytical solution to nonstationary, initial value systems in the mechanics of solids without any knowledge or
use of the theory of differential equations. Solutions are demonstrated for nonconservative, nonstationary par-

ticle motion, both linear and nonlinear.

Nomenclature

A, = coefficients of power series

B, = coefficients of power series

c =damping force coefficient; may be function of
time

cy = damping coefficient at f=¢,,

c; =rate of change of damping coefficient

F =force

g = gravitational parameter; taken as constant in this
paper

k =spring force coefficient; may be function of time

kg = spring coefficient at f=1¢,

k,; = rate of change of spring coefficient

! =length of pendulum arm

m =mass; may be function of time

m, =total mass at t=¢,

m; =rate of change of mass in variable mass problem;
also mass number one in two-degree-of-freedom
problem

M,N =number of terms in truncated power series

Q; =general force acting in general displacement
direction

q:4; = dependent space variable, displacement, veloc1ty

T = kinetic energy, work of inertial forces

T,, = couples applied to pendulum bobs

t =real time

t, =time at which observation of phenomena begins

t; = time at which observation of phenomena ends

V, =initial velocity at r=1¢,

w =work of all forces other than inertial forces

] =operates on displacement while forces are held
constant

T =nondimensional time, 7=1/¢,

w =circular frequency, rad/sec, harmonic motion

Introduction

AMILTON set forth the Law of Varying Ac-

tion in papers concerning a general method in dynamics,
published in 1834! and 18352. When the varied paths were
assumed to be coterminus with the real path in both space and
time, Hamilton’s law was reduced to Hamilton’s principle, as
pointed out in Ref. 3. By the year 1937, when Osgood
published his text,* Hamilton’s principle had been established
as ‘“...an independent foundation of mechanics.””* Osgood
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simply postulated the integral
tI
S (T+ W) dt )
‘o

which he called Hamilton’s integral, and then obtained the
following equation by varying Hamilton’s integral and in-
tegrating the kinetic energy term by parts
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where generalized coordinates have been used instead of the
Cartesian coordinates used by Osgood, and where 67 has been
set equal to zero at the outset. Following the concepts of the
variational calculus, Osgood assumed all of the ég; to vanish
at t, and ¢,; i.e., the end points of the varied paths are
postulated to be coterminus with the real path; thus the first
term on the right vanishes. The second term on the right is
assumed to vanish because the integrand contains the
equations of Lagrange, which are known to vanish. Equation
(2) then reduces to Hamilton’s principle
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where it is understood that W'is the work of both conservative
and nonconservative forces.
When it is observed that the integrand of the right-hand in-
tegral of Eq. (2) vanishes whether or not the q; vanishes at 7,

and ¢, Eq. (2) results in the mathematical expression for the
Law of Varying Action

5§t (T+ W) di— ——] 4)
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The term (87/84,)6q,; does not in general vanish at ¢,, as
taught by the variational calculus. Note that the zero on the
right-hand side of Eq. (4) results from the fact that the in-
tegral on the right-hand side of Eq. (2) vanishes. It has
nothing to do with the proof in the variational calculus that
the integral on the left-hand side is an extremum.

It has been obvious to competent researchers that
something is wrong somewhere. Bisplinghoff and Ashley
(Ref. 5, p. 36) mention the problem: ‘“No difficulty is en-
countered when Lagrange’s equations can be constructed, for
these are differential equations which may, in principle, be in-
tegrated from instant to instant. But the question of how to
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handle the upper limit 7, during direct application of
Hamilton’s principle is a more subtle one.”” The question,
however, is not in “‘how to handle the upper limit 7,.*’

Fung Ref. 6 p. 318, arrives at Hamilton’s Law for a de-

formable body, although, as is the common practice, he terms
it Hamilton’s principle: ‘‘In some applications of the direct
method of calculation it is even desirable to liberalize the
variations 6u; at the instant ¢, and ¢ ; and use Hamilton’s prin-
ciple in the variational form, Eq. (4), which cannot be ex-
pressed elegantly as the minimum of a well-defined func-
tional. On the other hand, such a formulation will be ac-
cessible to the direct methods of solution. On introducing
Egs. (5), (7), and (10), we may rewrite Eq. (4) in the following
form:

19} t;
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First, Fung’s Eq. (13) is not Hamilton’s principle because
of its last term. Second, Fung gives no indication as to how
the problem of the upper limit 7, as pointed out by
Bisplinghoff and Ashley, is to be treated. Third, it must be
assumed that the last term of Eq. (13) would be treated by
Fung in accordance with the concepts of the variational
calculus, which means that it ultimately would be set equal to
zero. And fourth, this writer is not aware of any successful at-
tempt to achieve a direct solution to any nonstationary
problem of mechanics by the use of the concepts of the
variational calculus applied to Fung’s Eq. (13). For stationary
problems, his Eq. (13) reduces immediately, as does
Hamilton’s law, to Hamilton’s principle for which

(dT/9q)) 69,11}=0

It is the purpose of this paper to demonstrate the ap-
plication of Hamilton’s law to achieve completely general
analytical solutions to nonstationary particle motion by direct
application of Eq. (4). The foundation on which this work
rests is time-space continuity.’ Two well-known observations
are made: 1) The path of any mass particle through time-space
is continuous; i.e., no particle of matter can occupy two
points in space at the same instant in time. 2) The slope of the
time-space path of any particle is also continuous.

Thus, the time-space path of any particle of matter is con-
tinuous, with continuous first derivatives. This is precisely
part of the requirement for admissible functions when using
the theory of Ritz?® in conjunction with stationary problems in
the theory of elasticity. As will be seen, however, when a
system is defined, time intervals 7,, ¢, may be chosen such
that the time-space path and all of its derivatives are con-
tinuous within the chosen interval. Thus, the functional
relationship between the dependent space variables and the in-
dependent time variable may be determined from a power
series, in principle, exactly. In practice, when the function is
an algebraic function, it may be, in fact, determined exactly.
When the function is a transcendental function, it may be
determined ‘‘exactly’’ in the same sense that the “‘exact” an-
swer to any transcendental function may be determined by a
finite number of operations. No theory of differential
equations is required.

Discussion

Consider a particle of constant mass on which acts a linear
restoring force k(t)q, a linear viscous damping force ¢(?)g and
a force that is a specified function of time, F(7). In other
words, this is the linear forced-damped-spring-mass system
for which the differential equation is well known and to which
general solutions for comparison of results may be readily ob-
tained from the theory of differential equations. By sub-
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stituting the kinetic energy and the work of the prescribed
forces into Eq. (4) and taking the variation (as in virtual work,
which predated the variational calculus by many years), one
obtains the equation

H
| tmasa + (F-kg—carsqlar

0
—mqaq]fj,zo (5)

The conventional procedure at this point is to derive the dif-
ferential equation from which the solution may be obtained.
The purpose of this paper, however, is to demonstrate that the
solution may be obtained without any reference to or
knowledge of differential equations. By virtue of the fact
that, within the interval ¢, ¢, the time-space path is con-
tinuous with continuous derivatives a simple truncated power
series is an admissible function )

N

q=qo+Vot+ ), A (6)

i=2

Note that no concept of the shape of the time-space path is
necessary. The power series must satisfy the specified
displacement and velocity at f=¢, but not at ¢=¢,. The
displacement and velocity at ¢, cannot in general be known in
advance because they are the result of both the initial con-
ditions and the time history of the forces acting between 7,
and 7.

In Eq. (5), m, k, and ¢ may be any one or all functions of
time. However, for the present, assume these parameters to be
constant. Let, #=¢,7 and divide by m/¢4. Let the instant in
time ¢, at which the observation begins be f,=0. Equation (5) .
becomes

1 ct Kt,? t,?
6_ 1 6 _ 1 1
50 [gsq - 904~ — — adq+ — - F(t,7)éq]dr
—gdgl}=0 %)

In terms of the nondimensional time 7 the admissible function
is simply
N
qg=qo+Vol,7+ EAiTi ®

i=2

Substitute Eq. (8) into Eq. (7). Integrate to obtain a set of
algebraic equations. These equations expressed in matrix
form are

[ i i ct, P kt? 1 ]A-}
i+j—1 m  i+j m  itj+1 ’
t2 ! , (cV,+kq,)
=] - F(t,7) Pdr + ——2—227_¢2
[ m So (t;7) 7dr mG+1) !
kt vV
I "o ]i, j=23,...,N ©)
mG+2)

Equation (9) constitutes the general analytical solution to
the system over the interval, 0<r=<1, in that the time-space
path yielded by the solution to this matrix equation is the sum
of the particular and complementary solutions that would be
obtained from the differential equation. Note the initial con-
ditions as well as the damping coefficient appear in the
nonhomogeneous term. When these parameters, along with
F(t,7) and ¢t,, are specified, the coefficients of the power series
may be obtained. In particular, note that even with F'=0, the
equations are not homogeneous, as in the case of the
homogeneous differential equation.
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Both nonstationary problems and simple harmonic motion
can be treated with equal ease. It may be of interest to point
out that if F{¢,7), ¢, and V, are set equal to zero, Eq. (9) will
generate a cosine function. If F(¢;7), ¢, and g, are set equal to
zero, Eq. (9) will generate a sine function, These, of course,
are precisely the functions defined by the differential equation
of the simple spring-mass system. The important point to be
made is this: without any knowledge of the mathematical
functions involved in the answer, Eq. (4) generates from the

power series whatever function is required to yield the -

solution.

Forcing Function Applied to a Linear System with
Variable Mass, Damping, and Spring Force
Numerical integration is used to evaluate the matrix
elements in the event that the integrands are defined by, say,
curves generated from test data. However, to illustrate the

generality without getting into such details, the following fun-
ctions are assumed:

m(ty=my—m,;t c(t)y=cyo+c;t

k(y=kg+kp F=Fy—m,g—(my—m;t)q

The matrix equation obtained from Eq. (5) is,

i(1—i mi(d—i)—c, c,i+k
[0.(. ) +t1 1(. ) 2 —t12 .1. 0
i+j—1 i+j i+j+1

iy k, ]{ 4, }= [tﬁ mog—F(ﬁ'-coVo+k0q0
i+j+2 j+1
c,VotkyVotk,go—mg
j+2

+1,3

kv
41— ]i,'=2,3,...,N 10
T J : (10)
Figure 1 shows the resulting displacement and velocity for one
choice of parameters. The differential equation is also shown
in Fig. 1. Substitution of the direct analytical solution for g,
g, and § into the differential equation shows equilibrium of

the forces to be satisfied within less than 4/10,000 of 1%.

Nonlinear, Nonconservative, Nonstationary
Double Pendulum

Every student who has taken a course in intermediate
mechanics, in which Lagrange’s equation was introduced, has
derived the nonlinear differential equations of motion for this
classical system. The analytical solution, without any
reference to these nonlinear differential equations, is demon-
strated. Figure 2 shows the coordinates selected. For this
coordinate system and the specified generalized forces acting
(a damping couple at each hinge, an elastic restoring couple at

q Differential Equation:
q X4 (0.25 - 0.01t) § + (0.001+ 0.01t) 4 + (.05 +.005t)q=
80 Fy - (0.25 - 0.01t)g
;SN
60 Displacement, q
/
’
40 ;
/
204 /
/ \ - R
\ Y \\\ Veloclty, q
L e oo
Q - 7 5 ; 3 i C T
Fg =10 . 1 / € = LHS - RHS
-20 g = 32.2ft/séc /! 4 error = c/RHS X 100
4o t, = 4 sec. N L 4 (t=2) = 3.3X10°
B a, =d, = 0. % (x=5) = 3.5X107°

Fig. 1 Linear, nonstationary system.
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Fig.2 Coordinates, nonlinear system.

_each hinge, a step couple at the suppoft hinge, and gravity),

the kinetic energy and work are given by
T:l/z[(m,+m2)z5’+m235)] g3+ Vam 0343
+m,0,8,G7 cOs g, +m g4, (£2+8, COs ) an
W=[—c,q;—k,q,;+T;(1)] g, +m g, cos q,
+[—C2g,—kyq,+T,(2)] g,+mygt, cos g,
+m,gt; cos (¢,+q;) (12)

Substitute Eqgs. (11) and (12) into Eq. (4). Carry out the in-
dicated operations with

N
q4,=qo+det7 + E A7 (13)
i=2
and
M
g,=qp+4qpt 7+ E Btk (14)
k=2

This yields a set of nonhomogeneous algebraic equations,
which may be written in matrix form:

ij Mkj ]{Al}z{Fj} as)

Mis Mks Bk FS
The matix elements are given in the appendix. Equation (15)
consitutes the general solution to the defined problem in the
same sense that the general solution to a linear differential
equation is defined as the sum of the ‘‘complementary’’
solution and the ‘‘particular’ solution. The principle of
superposition does not apply to the nonlinear system, and is
not needed nor used for linear systems with the theory demon-
strated here. To obtain the solution (i.e., the time-space path
of each of the particles), specify the various parameters, along
with the time interval 7; over which the truncated power series
are to give the functional forms of the time-space paths.

Equation (15) is then solved by direct iteration, or by any
suitable method. Let

t,=p2xe,/g=1.0 mqt3/m,;03=1.0

ct/m2=1.6n8 ¢yt /m 03 =1.6x8
kit3/m 02 =128613287282  k,t3/m 43 =22.57018287 23>

Tt3/m p3=27x282 T,t3/m g3=0
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Fig.3 Nonlinear, nonstationary system.
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Fig.4 Configurations: nonlinear, nonstationary system.

B is a number chosen to give the desired amount of real time
in the interval 7, ;. The peculiar choice of the spring and
damping constants resulted from a desire by the author to
have the motion end in a prescribed configuration. With these
quantities specified, the matrix elements in Eq. (15) may
readily be calculated from the Appendix. The coefficients of
the power series are then obtained from Eq. (15). When it was
noted that the extremely ‘‘stiff’’ spring on the second pen-
dulum was causing the relative motion of the second pen-
dulum to be small, the spring constants were changed to 2k,
and k,/5 and the calculation continued. The results (time-
space paths and velocities of the two particles) are shown in
Fig. 3. The configuration, at various instants in time, is shown
in Fig. 4. Note that this analytical solution, purely from the
energy equation, has described the motion completely from its
onset until the system has come to a state of rest (including
discontinuities in ¢, and ¢, when the spring constants were
changed). This state of rest can be verified by the equation of
static equilibrium. Since the energy is not constant during the
motion, the solution can be checked at any instant of time by
direct substitution into the differential equations. This
requires no knowledge of the theory of such equations.

Conclusion

It has been shown that, contrary to the state of energy
theory found in textbooks and in the variational calculus,
direct analytical solutions to nonstationary particle motion
may be obtained through application of Hamilton’s Law for
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nonstationary, nonconservative systems. No knowledge is
required as to whether a system is conservative, non-
conservative, stationary, or nonstationary. As demonstrated,
Hamilton’s Law of Varying Action permits direct generation
of the functions representing the motion of complicated
systems with simplicity, generality, and accuracy. Further, as
with any complete and general analytical solution, the func-
tions thus generated yield all information available from the
laws of mathematics, without reference to the theory of dif-
ferential equations.

Appendix
Matrix elements for the linear or nonlinear, conservative, or
nonconservative double pendulum
My =~[1+(m;/my)+myt,2/m Y Li(i—1) /(i+j—1)]
— (et /m2) LG (+)] '
—(k;t2my,?) 11/ G+j+ D1

M,; =—(myt/mpe?) [k(k=1)/(k+j—1)]

Al&

=— (my2/m 2y [i(i=1)/(i+s—1)]

M, =—(myu2/m;,?) lk(k—1)/(k+s—1)]
— (¢t /m ) [kf(k+s)]
—(kytP/me,?) [1/(k+s+1)]

F, =—2/mp?) §§T,(r) r/dr

+ [ 1+ (my/m))] (gti/ )

X §47/ sin g, dr+ (m .8t 2/m 2 2)

x [47/ sin (g,+q,)dr

+ (myt,/m ;) §hrig# sin g,dr

+ (myty/m 0V §h77 (24, + 3 ,) cos g, dr

+2(myt/m ;) §477G,4, sin g,dr

F, == (t2/m 2y §}rsTy(r)dr
+ (m,yt,gt F/m22) §478 sin (g;+q,) dr
+ (myt,/m ;) §475G, cos g, dr

+ (myty/m ;) (75 2 sin q,dr
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